The purpose of this paper is to solve a class of combinatorial games consisting of one-pile counter pickup games for which the number of counters that can be removed on each successive move changes during the play of the game.
Of course, the unsafe positions are the remaining positions, and they must be show that ∀k ∈ {1, 2, 3, · · ·},
Recalling that ∆ i = M i − m i , the above will be true if and only if
we see that this inequality must be true.
Let us next show that all of the above unsafe intervals are non-empty. Now
is nonempty if and only if
which is equivalent to
Since 0 ≤ ∆ 1 − c 1 , 1 ≤ m 2 and 0 ≤ c 1 ≤ c 2 , the inequality holds.
Next, we show that ∀k ∈ {1, 2, 3, · · ·},
This is true if and only if
this inequality is obviously true.
Let us next observe that this game has different levels which we can define as starting the game on move number t, as t varies over 1, 2, 3, · · ·. Of course, the two players alternate moving and blocking, so if the players are on level 3, this means the moving player can remove any x ∈ [m 3 , M 3 ] from the pile that is in the pile after the blocking player has first placed a block on up to c 3 of the moving player's moves. We will use mathematical induction on the pile sizes to deal with all levels simultaneously. We will successively show that for n = 0, 1, 2, 3, · · ·, the formulas in the theorem (that are for level 1) and the corresponding formulas for an arbitrary level t correctly state whether n is a safe or unsafe pile size on that level. By translational symmetry, we can accomplish this by focusing our attention only on We now show that the above formulas also correctly compute whether a pile size of n counters is safe or unsafe on all levels by merely focusing our attention on level
1.
Of course, by definition of level, when a player on level 1 makes a move, the game ends up on level 2. We will consider the safe level 1 intervals first. Then we consider the unsafe level 1 intervals. Let us first suppose n ∈ [0,
. Now the first player (i.e., the first moving player) cannot move when n ∈ [0, m 1 − 1] since he can only remove
We ignore this when c 1 = 0, so we are assuming 1 ≤ c 1 . Let us note, by the way, that
Since the opposing player can place a block on up to c 1 of the moving player's moves, we see that the opposing player can completely block all moves that the first moving player can make when n ∈ [m 1 , m 1 + c 1 − 1]. Therefore, we see that n must be a safe pile size on level 1 when n ∈ [0, m 1 + c 1 − 1], as is correctly stated in the formulas. Note that we did not have to use induction to see this.
Let us next suppose that
We show that n is a safe level 1 pile size, as it should be by the formulas. Remember,
Since the level 1 moving player can remove
that is in the pile and is not blocked, and since m 1 ≤ M 1 < n, we see that it is possible for the level 1 moving player to remove any x ∈ [m 1 , M 1 ] that the opposing player does not block. Of course, the opposing player can block up to
, we see that n − x belongs to the interval
. Note that C, D are being defined here and that A, B were defined 7 earlier.
We will show that the level 1 blocking player can force a level 1 moving player
Since n − x < n, we can use induction to see that if n − x ∈ [C, D], then n − x must be an unsafe pile size on level 2. Remember, we shift by 1 the subscripts of the level 1 unsafe intervals to find the level 2 unsafe intervals. So the theorem implies that [C, D] is an unsafe interval on level 2. The reader can use a specific example, say k = 3, to see this move easily. This means that n must be a safe pile size on level 1. Let us write
Since this is a blocking game and the opposing player on level 1 can block up to 
consecutive integers. Let us now show that
This means that for all n in [A, B], the number of consecutive integers in {n − x : 
1 ≤ m 2k+1 , we see that this inequality must be true. • Fig. 1 9 Considering the figure above, and the following list of facts we have just proved, we see that the level 1 opposing player can always block c 1 of level 1 moving player's options in such a way that the level 1 moving player is forced to choose a move n − x is an unsafe pile size on level 2. Therefore, n must be a safe pilesize on level 1 as it should be by the formulas. We now consider the unsafe level 1 intervals. Let us first suppose that n ∈
For all n ∈ [A, B], and for all
. We show that n must be an unsafe level 1 pile size, as it should be by the formulas. Now the first player can remove from the pile any x ∈ [m 1 , M 1 ] that is in the pile after the opposing player has first blocked up to c 1 of these x's. Let us write 
, the moving player can remove from the pile of n counters at least one x that is in the set {n, n − 1, n − 2, · · · , n − c 1 }. This is because
and the blocking player can block only up to c 1 of the moving player's moves. If he removes such an x, this means that after he moves, he will leave a pile size of n − x counters where n − x ∈ {0, 1, 2, 3, · · · , c 1 }.
Since n − x < n, by induction we know that n − x is a safe pile size on level 2 since [0, m 2 + c 2 − 1] is a safe interval on level 2. . Remember, we shift by 1 the subscripts of the level 1 safe intervals to find the level 2 safe intervals. Therefore n is an unsafe pile size on level 1, as it should by the formulas.
. Since the blocking player can block only up to c 1 of the moving player's moves and M 1 ≤ n, we see that the moving player can remove at least one x that is in the set
As before, by induction, since n − x < n, we know that n − x is a safe pile size on level 2. Therefore again n is an unsafe pile size on level 1, as it should be by the formulas.
At this point, it might be appropriate to remind the reader that even though the reasoning is taking place only on level 1, by translational symmetry the corresponding reasoning is also taking place simultaneously on all levels.
Last, let us suppose that
, where k ≥ 1.
We will show that n is an unsafe pile size on level 1, as it should be by the formulas.
The first player can remove from the pile any x ∈ [m 1 , M 1 ] that is in the pile after the opposing player has first blocked up to c 1 of these x's. Let us now define
We will show that after the level 1 blocking player has blocked up to c 1 of the level 1 moving player's moves, the level 1 moving player can still find
. Again recall that we shift by 1 the subscripts of the level 1 safe intervals to find the level 2 safe intervals. By induction, since n − x < n, we can then see that n − x is a safe pile size on level 2 since [C, D] is a safe level 2 interval. The reader can use a specific example, say k = 2, to see this move easily. Therefore, n will be an unsafe pile size on level 1, as it should be by the formulas.
Let us first show that c 1 ≤ D − C. This will be true if and only if
Recall 
